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Problem Statement
296 O. Altuzarra et al.
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Fig. 2. 2ClFR, and deformed shapes when loaded and unloaded.

motors, i.e. θj and bending moments at clamped ends, can produce the only
feasible solution along with the unknown load.

When analyzing rods in plane deformations subjected only to a load at tip
FP (expressed in terms of modulus R and orientation ψ), the set of differen-
tial equations above can be further developed arriving to an expression of the
deformed shape in terms of elliptic integrals, F (k,φi) and E(k,φi), ruled by the
elliptic modulus k, and a variable φi in a range [φ1 φ2] to express location on
arc-length [7]:

x(s) = −
√

EI
R cosψ [2E(k,φi) − 2E(k,φ1) − F (k,φi) + F (k,φ1)]

+ −
√

EI
R 2k sinψ [cosφi − cosφ1]

y(s) = −
√

EI
R sinψ [2E(k,φi) − 2E(k,φ1) − F (k,φi) + F (k,φ1)]

+ +
√

EI
R 2k cosψ [cosφi − cosφ1]

(4)

Here, x(s) and y(s) are coordinates in a mobile local frame attached to the
actuator, i.e. oriented with θj .

Planar continuum mechanisms formed this way can be solved with a set of
equations whose solution can be better controlled to avoid missing solutions, a
common issue in general numerical methods of integration. Also, buckling mode,
i.e. a deformed shape with different number of inflection points, can be speci-
fied easily allowing a better discrimination of multiple solutions. Nevertheless,
boundary conditions on the assembled mechanism must be considered. For the
FK, given θ1 and θ2, the set of equations is:

p1(L1) − p2(L2) = 0
n1 + n2 + FP = 0 (5)

Figure: Altuzarra et
al.: “Kinematic
Characteristics of
Parallel Continuum
Mechanisms” (2019)
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Figure: Black et al.:
“Parallel Continuum
Robots” (2018)

 
Fig. 1. Robot design: a) Planar mechanism. b)  End effector. c) Detail of the transmission. 

 
Fig. 2. Geometry of the mechanism in the zero position (a) and a generic position (b).  
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A 2 dof continuum parallel robot for pick&place collaborative tasks 1981

Figure: Campa et al.:
“A 2 Dof Continuum
Parallel Robot for Pick
& Place Collaborative
Tasks” (2019)
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Elastic Stability of Cosserat Rods and Parallel
Continuum Robots

John Till, Student Member, IEEE, and D. Caleb Rucker, Member, IEEE

Abstract—Classic theories in nonlinear elasticity have increas-
ingly been used to obtain accurate and efficient models for con-
tinuum robots and other elastic structures. Numerically computed
solutions of these models typically satisfy the first-order conditions
necessary for equilibrium, but do not provide any information
about the elastic stability of the solution. The inability to detect or
avoid physically unstable model solutions poses a major hindrance
to reliable model-based simulation, planning, design, and control.
In this paper, we adapt results from optimal control to determine
the stability of Kirchhoff rods and Cosserat rods subject to general
end constraints, including coupled multirod models which describe
parallel continuum robots. We formulate a sufficient condition for
the stability of a solution, a numerical test for evaluating this condi-
tion, and a heuristic stability metric. We verify that our numerical
stability test agrees with the classical results for the buckling of
single columns with various end constraints and for multicolumn
frames. We then validate our approach experimentally on a six
degree-of-freedom parallel continuum robot.

Index Terms—Continuum robots, Cosserat rods, elastic stability,
parallel robots, soft robots.

I. INTRODUCTION

A. Background on Parallel Continuum Robots

CONTINUUM robots achieve movement through con-
trolled deformation of a continuous elastic structure

[1]–[3]. A parallel continuum robot uses multiple elastic mem-
bers connected in a parallel arrangement, which can provide
increased precision and stiffness compared to slenderer, single-
member continuum robots. Our recent research has focused
on a six degree-of-freedom (DOF) continuum Stewart–Gough
platform design, as shown in Fig. 1 where six elastic rods are
connected to a common end effector and translated below the
base to change their effective length on the robot.

These designs not only have potential for large-scale com-
pliant interaction with humans, but also small-scale surgical
tasks because their scalability enables operation with many
articulated DOF in short confined spaces [4]. These potential
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Fig. 1. A six degree-of-freedom parallel manipulator is shown. The robot can
suddenly transition to a new state (buckle) if external loads or actuation cause
the structure as a whole to reach a point of critical stability.

applications entail some major technical challenges. First, the
large-deflection mechanics of the robot are complex and com-
putationally burdensome. Our modeling efforts have employed
multiple Cosserat rod models with coupled boundary conditions
to accurately model the large nonlinear deflections of the elas-
tic legs [5]. We addressed solving this large nonlinear system
of differential equations in real time in [6], demonstrating that
model-based inverse kinematic simulation and control at kilo-
hertz rates is feasible. Second, the elastic nature of the design
introduces the potential for elastic instabilities (buckling) to oc-
cur. This is true for all elastic continuum robots when external
loads are considered, but we have observed that parallel contin-
uum robots can also become unstable through actuation alone
due to the interactions in the multirod system, which is similar
to the problem of snapping behavior in concentric-tube robots
[7]. In this paper, we establish a way to determine if a parallel
continuum robot configuration (given by a numerical solution to
our mechanics model) is elastically stable and thus physically
realizable. This can be used to assess the stability in a real-
time simulation in order to avoid actuator commands that would
cause unstable dynamic transitions during robot teleoperation.
Stability assessment can also be used as a criteria in offline
motion planning and simulation-based design optimization.

B. Related Work

Maintaining elastic stability has been recognized as a concern
for many continuum robots, and prior research has investigated
stability questions related to design and control. For cable-driven

1552-3098 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
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Figure: Till et al.:
“Elastic Stability of
Cosserat Rods and
Parallel Continuum
Robots” (2017)

Kinematics, dynamics, control, design are very dependent on how the slender structure’s large
displacements and deformations are described.
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Configuration of the Rod
Modeling102 O. Weeger et al. / Comput. Methods Appl. Mech. Engrg. 316 (2017) 100–122

Fig. 1. Configuration of a Cosserat rod, which is represented by its centerline r(s) and orthonormal frames R(s) = (d1(s), d2(s), d3(s)), which
define the cross-section orientations.

On the contrary, the Cosserat rod and Timoshenko beam theories also assume that the cross-sections remain straight,
but not necessarily normal to the tangent of the centerline curve, thus accounting also for shear deformation. In the
following we outline Cosserat rod theory in more detail based on [37,39].

2.1. Configuration of the rod

The Cosserat theory is based on the description of the configuration of the rod as a framed curve. The rod is
represented by the line of its mass centroids, or simply its centerline, which is a spatial curve:

r : [0, L] ! R3. (1)

This curve is assumed to be arc-length parameterized in the initial configuration, which means that

kt(s)k = 1 8s 2 [0, L], (2)

where

t(s) = r
0(s) =

dr

ds
. (3)

is its tangent vector at parameter value s and

L =

Z
L

0
kr

0(s)kds (4)

is the length of the curve.
Furthermore, a frame, i.e. a local orthonormal basis field, is needed to describe the evolution of the orientation of

the cross-sections along the rod:

R : [0, L] ! SO(3). (5)

SO(3) is the group of rotations in the 3-dimensional Euclidean space R3 and thus these local frames can be associated
with 3D rotation matrices:

R(s) = (d1(s), d2(s), d3(s)) 2 R3⇥3
: R

>
R = I, det R = 1 8s 2 [0, L]. (6)

The representation of a rod using its centerline curve and frames completely determines its configuration and is
illustrated in Fig. 1.

2.2. Parameterization and initialization of rotations

Since 3 ⇥ 3-rotation matrices have 9 components, but only 3 independent degrees of freedom, a number of
possibilities exist for their parameterization. Popular choices are Euler angles, rotation vectors or axis and angle
representation. Here we adopt the parameterization using unit quaternions, which is commonly used in Cosserat rod
literature [44,49].

Consider the slender structure to be a
framed curve of length L. It is represented
by the line of its mass centroids, its
centerline, a spatial curve

p : [0, L] → R3 .

A frame i.e., a local orthonormal basis field
describes the evolution of the orientation of
the cross-sections

R : [0, L] → SO(3) ,
R(s) =

[
d1(s), d2(s), d3(s)

]
∈ R3×3 ,

R> R = I ,
det R = 1∀s ∈ [0, L]
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Parametrization of the Rotation
Modeling

Commonly, Cosserad rod theory use quaternions for the parametrization of the rotation matrix,
though other options exist i.e., Euler angles, rotation vectors, or axis angle.
Let

q =


q1
q2
q3
q4

 =

[
qs
qv

]
∈ R4 ,

be a proper quaternion i.e., ‖q‖ = 1. Its respective rotation matrix reads

R(q) =

q2
1 + q2

2 − q2
3 − q2

4 2 (q2q3 − q1q4) 2(q2q4 + q1q3)
2(q2q3 + q1q4) q2

1 − q2
2 + q2

3 − q2
4 2, (q3q4 − q1q2)

2(q2q4 − q1q3) 2(q3q4 + q1q2) q2
1 − q2

2 − q2
3 + q2

4

 =
[
d1, d2, d3

]
.
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Kinematics and Constitutive Equations
Modeling

Linear strain is defined by the vector

ε = R> p ′ − ê3 .

Angular strain is given as

κ =

〈d ′
2, d3〉

〈d ′
3, d1〉

〈d ′
1, d2〉

 .

Linear stresses then read

σ = K SE (ε− ε0) .

Angular stresses then read

χ = KBT (κ− κ0) .

Internal forces of the rod read

n = R σ = R K SE(ε− ε0) .

Internal moments of the rod read

m = R χ = R KBT(κ− κ0) .

6 / 39
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Boundary Conditions
Modeling

Usually, the rod is part of a multibody structure and we are interested in the rods constrained
kinematic response to the external bodies.
Dirichlet-type condition enforces position
and orientation equilibrium at the boundary:

p − p = O , s = 0, L ,

q − q = O , s = 0, L .

Neumann-type condition enforces force and
moment equilibrium at the boundary:

n − n = O , s = 0, L ,

m − m = O , s = 0, L ,

〈q, q〉 − 1 = 0 , s = 0, L ,

7 / 39
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Cosserat Model
Modeling

Equilibrium of linear momentum reads

n′ + n̂ = O∀s ∈ ]0, L[ ,

Equilibrium of angular momentum reads

m′ + p ′ × n + m̂ = O∀s ∈ ]0, L[ ,

Given an initial condition of the rod

p(s = 0) = p0 ,

q(s = 0) = q0 ,

n(s = 0) = n0 ,

m(s = 0) = m0 ,

The Cosserat model for flexible slender
strutures reads

p ′ = R
(

K SE
−1R> n + ε0

)
q′ =

[
0

R
(

KBT
−1R> m + κ0

)]� q ,

n′ = −n̂ ,

m′ = − p ′ × n − m̂ .
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Overview
Solving

In general, the evolution of the Cosserat rod position and orientation is a coupled differential
equation in R13 unknowns

y ′ = f (y) , y> =
[
p>, q>, n>, m>] .

Due to the coupled nature e.g., m′ = m′(p ′, n), analytical solutions are seldomly obtained.
Other methods must be found to obtain the solution for a given initial condition or boundary
conditions:
1. Numerical integration
2. Discretization

9 / 39



Problem Statement Modeling Solving Isogeometric Analysis Collocation Isogeometric Collocated Rod Closing References

Numerical Integration
Solving

� Numerical integration is cumbersome and prone to instabilities due to the stiff system
� High elastic modulus vs. small moment of area

� With combined boundary conditions e.g., positon and orientation at s = 0 and forces and
moments at s = L, numerical integration becomes even more cumbersome

� Consider problem as BVP rather than IVP then
� When considering dynamics and optimization, numerical integration is impractical
� Other quantities of interest are not easily obtainable e.g., linearization, mass-matrix,

stiffness, etc.

10 / 39
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Discretization: The CoRdE Approach
Solving

Let us discretize the centerline p as a chain of N nodes p i , the quaternions as a chain of N − 1
nodes qj . The discrete spatial derivative y ′ (y ≡ p or y ≡ q) reads

y ′
i =

y i+1 − y i
‖y i+1 − y i‖

.

With high stretch stiffness, it can be approximated to be

p ′
i ≈

1
Li
(p i+1 − p i) , q′

i ≈
1
Li
(q i+1 − q i) .

In the end, we obtain a high-dimensional system of nonlinear equations in p i , i = 1, . . . ,N
and qj , j = 1, . . . ,N − 1. It provides a linear approximation of the rod’s centerline and
orientation, particularly a linear approximation between nodes.

11 / 39
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Discretization: The Shape Function Approach
Solving

Let us discretize the centerline position and quaternion using (for now) n unknown shape
functions Πi(s), i = 1, . . . , n

p(s) =
n∑
i

Πi(s) p i = Π(s) P p , q(s) =
n∑
i

Πi(s) q i = Π(s) P q .

This is similar to a modal decomposition or linear coordinate transformation where we introduce
new generalized coordinates P y for the sought-for physical properties.
We have not made any assumptions as to what Π(u) shall look like, so let us take a look at
(one particular) literature.

12 / 39
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Introduction
Isogeometric Analysis

Isogeometric Analysis Hughes, Cottrell, and Bazilevs
Based on the isogeometric philosophy, the solution space for dependent variables is represented
in terms of the same functions which represent geometry [5].

� A new method for the analysis of problems governed by partial differential equations e.g.,
solids, structures, and fluids.

� Many features in common with finite element method and some with meshless methods
� Purely based on geometric propertyes and inspired from CAD
� Approach is based on NURBS (Non-Uniform Rational B-Splines), a standard technology in

CAD systems

13 / 39



Problem Statement Modeling Solving Isogeometric Analysis Collocation Isogeometric Collocated Rod Closing References

B-Splines
Isogeometric Analysis

A knot vector is a set of coordinates in the parametric space

Ξ = {ξ1, ξ2, . . . , ξn+p+1} ,

which the i-th knot ξi ∈ R, p is the polynomial order (p = d + 1), and n is the number of bases
functions.
B-Splines are defined recursively starting
with piecewise constants (p = 0):

Ni,0(u) =
{

1 if ξi ≤ u < ξi+1 ,

0 otherwise .

0 0.2 0.4 0.6 0.8 1
0

0.5

1

R1,0

R2,0

R3,0
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B-Splines
Isogeometric Analysis

For p = 1, 2, . . . , we have

Ni,p(u) =
u − ξi

ξi+p − ξi
Ni,p−1(u) +

ξi+p+1 − u
ξi+p+1 − ξi+1

Ni+1,p−1(u)

0 0.2 0.4 0.6 0.8 1
0

0.5

1

R2,1

R3,1

R4,1

0 0.2 0.4 0.6 0.8 1
0

0.5

1

R2,2

R3,2

R4,2
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B-Splines
Isogeometric Analysis

A few important properties of B-Splines:
1. Basis functions of order p are p − 1 continuous

2. B-Splines constitute a partition of unity i.e.,
n∑

i=1
Ni,p(u) = 1.

3. Each Ni,p has only compact support and is contained in the interval [ξi , ξi+p+1].
4. Each basis function is non-negative consequently all coefficients of the mass matrix

computed from B-Splines are greater than or equal to zero.
5. Basis functions are interpolating at the ends of the parametric space [ξ1, ξn+p+1] but not, in

general, at the interior knots (where they are, in fact, approximating).

16 / 39
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Curves: B-Spline
Isogeometric Analysis

B-Spline curves in Rm are a linear
combination of B-Spline basis functions

C(u) =
k∑

i=1
Ni,p(u) P i .

Table: Control points of sample curve
with p = 3.

i 1 2 3 4 5 6

P i,x 0 0.3 0.3 0.5 0.9 0.8
P i,y 0 0.25 0.7 0.8 0.3 1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
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Curves: NURBS
Isogeometric Analysis
NURBS (Non-Uniform Rational B-Splines) are a projective transformation of B-Spline curves

C(u) =
k∑

i=1

Ni,p(u)wi
k∑

j=1
Nj,p(u)wj

P i ,

Table: Control points of sample curves.

i 1 2 3 4 5 6

P i,x 0 0.3 0.3 0.5 0.9 0.8
P i,y 0 0.25 0.7 0.8 0.3 1
wi 1 1 1 1 1 1

P i,x 0 1.5 0.3 0.5 0.9 0.8
P i,y 0 1.25 0.7 0.8 0.3 1
wi 1 5 1 1 1 1 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1
B-Spline
NURBS

18 / 39



Problem Statement Modeling Solving Isogeometric Analysis Collocation Isogeometric Collocated Rod Closing References

Curves: Properties
Isogeometric Analysis

A few additional properties of B-Spline and NURBS curves

1. Polynomial order may be increased
(p-refinement) without changing the
geometry of parametrization

2. Affine transformations in physical space
are obtained by applying the
transformation to the control points
(NURBS possess affine covariance).

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Original p = 2
p-refined p = 3
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Curves: Approximation of circle
Isogeometric Analysis

−1 0 1

−1

0

1

Exact circle
B-Spline d = 2, n = 6
B-Spline d = 3, n = 7
Discrete n = 8.

20 / 39



Problem Statement Modeling Solving Isogeometric Analysis Collocation Isogeometric Collocated Rod Closing References

Isogeometric Rod
Isogeometric Analysis

Let us discretize the centerline position and quaternion using n NURBS as shape
functions Πi(s), i = 1, . . . , n:

p(s) =
n∑
i

Πi(s) p i = Π(s) P p , q(s) =
n∑
i

Πi(s) q i = Π(s) P q .

Strain measures

ε = R> p ′ − ê3 ,

κ =

〈d ′
2, d3〉

〈d ′
3, d1〉

〈d ′
1, d2〉

 .

Internal forces

n = R σ = R K SE(ε− ε0) ,

m = R χ = R KBT(κ− κ0) .

Equilibrium equations

n′ + n̂ = O ,

m′ + p ′ × n + m̂ = O .

Substituting the discrete centerline position and quaternion into the kinematics simply
transforms into another solution space. There is no gain from this, so we want to also solve the
equilibrium equations in a different way.
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Derivation
Collocation

Let us construct a one-step method of given order of
accuracy for the first time step interval [t0, t0 + h].
Let 0 ≤ c1 < c2 < · · · < cs ≤ 1 be distinct nodes on
the unit interval. The collocation
polynomial u(t) ∈ Rn is a polynomial of degree s
satisfying

u(t0) = y0

u′(t0 + ci h) = f (u(t0 + ci h)) i = 1, . . . , s ,

and the numerical solution of the collocation method
over the interval [t0, t0 + h] is given by y1 = u(t0 + h).

t0 c1 c2 c3 t1 = t0 + h

u(t
)

We construct a polynomial that passes through y0 and agrees with the ODE at s nodes
on [t0, t0 + h].

22 / 39
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Derivation
Collocation

Let Fi , i = 1, . . . , s, be the values of the (as of yet
undetermined) interpolating polynomial at the nodes

Fi := u′(t0 + ci h) .

We use Lagrange’s interpolation formula to define the
polynomial u′(t) passing through these points

u′(t) =
s∑

i=1
Fi li

(
t − t0

h

)
, li(x) =

s∏
j=1
j 6=i

x − cj

ci − cj
.

Integrating over the intervals [0, ci ] gives

u(t0 + ci h) = y0 + h
s∑

j=1
Fj

ci∫
0

lj(x) dx .

0 0.2 0.4 0.6 0.8 1

0

1
2

1

x/(·)

l i(
x)

l1(x) l2(x) l3(x)
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A Simple Example
Collocation
For illustration, let us solve the IVP on the interval t ∈ [0, 1]

y ′ = 3 t2 , y(0) = 1 .

The exact solution is

ỹ(t) = 1 + t3 ,

which we want to approximate with the first-degree
polynomial

y(t) = a0 + a1 t .

Since y(0) = 1, a0 = 1, substituting gives a1 = 3 t2.
Requiring the collocation satisfied at t = 0.5
gives a1 = 0.75 yields

y(t) = 1 + 0.75 t . 0 0.2 0.4 0.6 0.8 1
0

1

2

0.5

x/(·)

ỹ(t)
y(t)
y ′(t = 0.5)
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A More Detailed Example
Collocation
Let our IVP be given

y ′ = 1.75 exp(1.75 t) , y(0) = 1.5 .

Our collocation polynomial shall be

u(t) = a0 + a1 t + a2 t2 + · · ·+ ad td .

d ci a0 a1 a2 a3 a4 a5

1 lin 1.50 4.20 — — — —
LP 1.50 4.20 — — — —

2 lin 1.50 0.65 3.73 — — —
LP 1.50 0.91 3.83 — — —

3 lin 1.50 2.04 0.53 2.18 — —
LP 1.50 1.91 0.62 2.23 — —

4 lin 1.50 1.70 1.80 0.29 0.95 —
LP 1.50 1.73 1.73 0.32 0.97 —

5 lin 1.50 1.76 1.48 1.06 0.13 0.33
LP 1.50 1.75 1.50 1.03 0.13 0.34
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Generic First-Order ODE Collocation
Collocation
Assume we want to find the solution for

y ′ = f (t, y) , y(0) = y0 .

on the interval t ∈ [0, 1] with the collocation
polynomial

u(t) =
d∑

i=0
ai t i =

[
1, t, . . . , td] α = τ>α .

In addition, we have

u′(t) =
[
0, 1, t, . . . , d td−1] α = τ ′

>
α ,

Collocation method requires satisfying

u(0) = y(0) = y0 ,

u′(t0 + ci) = f (t0 + ci , u(t0 + ci)) ,

at all inner collocation
points 0 ≤ c1 < · · · < ci < · · · < cd ≤ 1.
Substituting u′ = τ ′

>
α yields

τ>(t0)

τ ′
>
(t0 + c1)

...
τ ′

>(t0 + cd)

 α =


y0

f (t0 + c1, u(t0 + c1))
...

f (t0 + cd , u(t0 + cd))


which are 1 + d equations for the d + 1
unknowns of u(t), respectively of α.
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How to Use the Collocation Method
Collocation

To use the collocation method, a few facts
have to be considered

� collocation function must satisfy the
initial value

� collocation points must be well-chosen
polynomial roots of shifted Legendre

polynomial
splines knots of Greville abscissae

� Choose between global or piecewise
collocation

� Piecewise reduces degree of local
polynomial

� Continuity of collocation function
between intervals must be satisfied

To solve the ODE

y ′ = f (t, y) , y(t0) = y0 ,

remember that the collocation function u(t)
must satisfy

u(t0) = y0 .

u′(t0 + ci h) = f (t0 + ci h, u(t0 + ci h)) ,

at all inner collocation points t0 + ci h.
The resulting system of (non)linear
equations can be solved with
Newton-Raphson, Levenberg-Marquardt,
etc.
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Collocation Method vs. Numerical Integrators
Collocation Method
1. Requires more preparative work
2. Continuous solution of the IVP even

between integration points
3. Interpolates the solution between tn

and tn+1

4. Readily applicable to higher-order ODE
5. In principle applicable to any ODE/IVP
6. Transforms differential equation(s) into

algebraic equation(s) (Can allow to
define Jacobian in analytical form)

7. Comes in global and piecewise
collocation (depending on collocation
function)

Numerical Integrators
1. Only needs the ODE/IVP
2. Discretizes solution snap shots at

integration points
3. Extrapolates solution from tn to tn+1

4. Needs state-reduction into first-order
ODE

5. Handling of stiff ODEs is tricky
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Overview
Isogeometric Collocated Rod

Remember we discretized the centerline position and quaternion using p-th order NURBS as
shape functions Πi(s)

p(s) =
n∑
i

Πi(s) p i = Π(s) P p , q(s) =
n∑
i

Πi(s) q i = Π(s) P q .

Weeger, Yeung, and Dunn will rigorously substitute these into the kinematics and equilibrium
equations, then use the collocation method to solve the resulting equilibrium ODE [6].

Strain measures

ε = R> p ′ − ê3 ,

κ =

〈d ′
2, d3〉

〈d ′
3, d1〉

〈d ′
1, d2〉

 .

Internal forces

n = R σ = R K SE(ε− ε0) ,

m = R χ = R KBT(κ− κ0) .

Equilibrium equations

n′ + n̂ = O ,

m′ + p ′ × n + m̂ = O .
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Strong Collocation of the Equilibrium
Isogeometric Collocated Rod

Application of collocation of the strong form to the equilibrium equations requires them to be
evaluated at the collocation points τi , i = 1, . . . , n. For internal collocation points τi ,
i = 2, . . . , n − 1, this yields

en(τi) = n′(τi) + n̂(τi) = O ,

em(τi) = m′(τi) + p ′(τi)× n(τi) + m̂(τi) = O ,

e q(τi) = 〈q(τi), q(τi)〉 − 1 = 0 .

At the boundaries i.e., τ1 = 0 and τn = 1, we have
Dirichlet-type conditions

en(τi) = n(τi)− n(τi) = O ,

em(τi) = m(τi)− m(τi) = O ,

e q = 〈q(τi), q(τi)〉 − 1 = O .

Neumann-type conditions
e p(τi) = p(τi)− p(τi) = O ,

e q(τi) = q(τi)− q(τi) = O .
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Strong Collocation of the Equilibrium
Isogeometric Collocated Rod

With internal forces and moments

n = R σ = R K SE(ε− ε0) , m = R χ = R KBT(κ− κ0) ,

their spatial derivatives read

n′ = R ′ σ + R σ′

= R ′ K SE(ε− ε0) + R K SE(ε
′ − ε′0)

= R ′ K SE

(
R> p ′ − ê3 − ε0

)
+ R K SE

(
R ′> p ′ + R> p ′′− ε′0

)
,

m′ + p ′ × n = R ′ χ+ R χ′ + p ′ × (R σ)

= R ′ KBT(κ− κ0) + R KBT(κ
′ − κ′

0) + p ′ ×
(
R K SE

(
R> p ′ − ê3 − ε0

))
,

which we can readily plug into the strong form of the collocation method and solve for the
unknown control points P p and P q .
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Mixed Isogeometric Collocation Method
Isogeometric Collocated Rod
Due to shear locking (decreasing thickness of a beam), the convergence of the numerical
discretization method deteriorates. Thus, a mixed collocation method was developed.
In addition to using NURBS for centerline position p and quaternions q, the internal forces and
internal moments are also being discretized likewise:

nd(s) =
n∑
i

Πi(s) ni = Π(s) P n , m(s) =
n∑
i

Πi(s) mi = Π(s) P m ,

This yields the collocated equations at internal collocation points τi , i = 2, . . . , n − 1

en(τi) = n′
d(τi) + n̂(τi) = O ,

em(τi) = m′
d(τi) + pd(τi)× nd(τi) + m̂(τi) ,

e q(τi) = 〈qd(τi), qd(τi)〉 − 1 = 0 ,
eu = nd(τi)− (R σ)(τi) = O ,

eχ = md(τi)− (R χ)(τi) = O .
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Primal vs. Mixed Collocation Method [6]
Isogeometric Collocated Rod114 O. Weeger et al. / Comput. Methods Appl. Mech. Engrg. 316 (2017) 100–122

(a) t = 0.1: primal formulation (rh , qh ). (b) t = 0.1: mixed formulation (rh , qh , nh , mh ).

(c) t = 0.01: primal formulation (rh , qh ). (d) t = 0.01: mixed formulation (rh , qh , nh , mh ).

(e) t = 0.001: primal formulation (rh , qh ). (f) t = 0.001: mixed formulation (rh , qh , nh , mh ).

Fig. 5. Bending of straight cantilever; investigation of locking for thickness parameter t = 0.1, 0.01, 0.001 by comparison of convergence of
L

2-error of displacement of centerline kr
h � r

ek
L2 for NURBS with degree p = (2, )3, . . . , 9 and ` = 1–64 elements for primal and mixed

formulations.

Figure: Thickness t = 0.1, primal
formulation (pd, qd).

114 O. Weeger et al. / Comput. Methods Appl. Mech. Engrg. 316 (2017) 100–122

(a) t = 0.1: primal formulation (rh , qh ). (b) t = 0.1: mixed formulation (rh , qh , nh , mh ).

(c) t = 0.01: primal formulation (rh , qh ). (d) t = 0.01: mixed formulation (rh , qh , nh , mh ).

(e) t = 0.001: primal formulation (rh , qh ). (f) t = 0.001: mixed formulation (rh , qh , nh , mh ).

Fig. 5. Bending of straight cantilever; investigation of locking for thickness parameter t = 0.1, 0.01, 0.001 by comparison of convergence of
L

2-error of displacement of centerline kr
h � r

ek
L2 for NURBS with degree p = (2, )3, . . . , 9 and ` = 1–64 elements for primal and mixed

formulations.

Figure: Thickness t = 0.1, mixed
formulation (pd, qd, nd, md).
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Primal vs. Mixed Collocation Method [6]
Isogeometric Collocated Rod

114 O. Weeger et al. / Comput. Methods Appl. Mech. Engrg. 316 (2017) 100–122

(a) t = 0.1: primal formulation (rh , qh ). (b) t = 0.1: mixed formulation (rh , qh , nh , mh ).

(c) t = 0.01: primal formulation (rh , qh ). (d) t = 0.01: mixed formulation (rh , qh , nh , mh ).

(e) t = 0.001: primal formulation (rh , qh ). (f) t = 0.001: mixed formulation (rh , qh , nh , mh ).

Fig. 5. Bending of straight cantilever; investigation of locking for thickness parameter t = 0.1, 0.01, 0.001 by comparison of convergence of
L

2-error of displacement of centerline kr
h � r

ek
L2 for NURBS with degree p = (2, )3, . . . , 9 and ` = 1–64 elements for primal and mixed

formulations.

Figure: Thickness t = 0.01, primal
formulation (pd, qd).

114 O. Weeger et al. / Comput. Methods Appl. Mech. Engrg. 316 (2017) 100–122

(a) t = 0.1: primal formulation (rh , qh ). (b) t = 0.1: mixed formulation (rh , qh , nh , mh ).

(c) t = 0.01: primal formulation (rh , qh ). (d) t = 0.01: mixed formulation (rh , qh , nh , mh ).

(e) t = 0.001: primal formulation (rh , qh ). (f) t = 0.001: mixed formulation (rh , qh , nh , mh ).

Fig. 5. Bending of straight cantilever; investigation of locking for thickness parameter t = 0.1, 0.01, 0.001 by comparison of convergence of
L

2-error of displacement of centerline kr
h � r

ek
L2 for NURBS with degree p = (2, )3, . . . , 9 and ` = 1–64 elements for primal and mixed

formulations.

Figure: Thickness t = 0.01, mixed
formulation (pd, qd, nd, md).
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Helical Spring Displacement [6]
Isogeometric Collocated Rod

118 O. Weeger et al. / Comput. Methods Appl. Mech. Engrg. 316 (2017) 100–122

(a) Initial configuration and roll-up. (b) End point displacements.

Fig. 9. Helical spring; deformation of the helical spring with 8 windings when subject to an end force.

(a) Initial configuration and deformed spring. (b) End point displacements for different discretization approaches.

Fig. 10. Helical spring; deformation of the helical spring with 8 windings when subject to an end force.

7.4. Compression of a helical spring

The next application deals with the compression of a helical spring. The spring has 8 coils with a radius of 0.1 m
and a height increment of 0.05 m per winding. The cross-section is circular with a radius of 0.005 m and material
parameters are E = 1 · 109 Pa, ⌫ = 0.5, k1,2 = 5/6. The helix is clamped at the bottom end and a downward-directed
force of magnitude 0.5 N is applied to the top end in 10 load steps, causing a compression and sideward bending of
the spring, see Fig. 10(a).

The geometry of the spring is circular, and thus it can be parameterized exactly as a single NURBS curve of degree
2. However, since this curve is only C

0 at internal knots (which would be collocation points), we cannot use this
representation directly for the analysis. Alternatively, we have investigated two different approaches: Either, the curve
is interpolated by higher order B-Splines with C

p�1-continuity at internal knots, or the curve is split at C
0-knots,

resulting in a “rod structure” with 32 = 8 · 4 curves of degree 2 with knot vectors ⌅ = {0, 0, 0, 1, 1, 1}, n = 3 control
points and weights {1, 1/

p
2, 1}.

Due to the slenderness of the rods, we employ the mixed formulation for the analysis. For the former approach,
we use quartic B-Splines with 128 elements (knot spans) for the interpolation of the helical curve without any further
refinements for the analysis (p = 4, ` = 128, n = 132). For the latter approach, we have k-refined the 32 individual
curves for the analysis to p = 4, ` = 8, n = 12. The results for both cases are provided in Fig. 10(b) and are visually

Figure: Initial configuration of
helical spring and roll-up.

118 O. Weeger et al. / Comput. Methods Appl. Mech. Engrg. 316 (2017) 100–122

(a) Initial configuration and roll-up. (b) End point displacements.

Fig. 9. Helical spring; deformation of the helical spring with 8 windings when subject to an end force.

(a) Initial configuration and deformed spring. (b) End point displacements for different discretization approaches.

Fig. 10. Helical spring; deformation of the helical spring with 8 windings when subject to an end force.

7.4. Compression of a helical spring

The next application deals with the compression of a helical spring. The spring has 8 coils with a radius of 0.1 m
and a height increment of 0.05 m per winding. The cross-section is circular with a radius of 0.005 m and material
parameters are E = 1 · 109 Pa, ⌫ = 0.5, k1,2 = 5/6. The helix is clamped at the bottom end and a downward-directed
force of magnitude 0.5 N is applied to the top end in 10 load steps, causing a compression and sideward bending of
the spring, see Fig. 10(a).

The geometry of the spring is circular, and thus it can be parameterized exactly as a single NURBS curve of degree
2. However, since this curve is only C

0 at internal knots (which would be collocation points), we cannot use this
representation directly for the analysis. Alternatively, we have investigated two different approaches: Either, the curve
is interpolated by higher order B-Splines with C

p�1-continuity at internal knots, or the curve is split at C
0-knots,

resulting in a “rod structure” with 32 = 8 · 4 curves of degree 2 with knot vectors ⌅ = {0, 0, 0, 1, 1, 1}, n = 3 control
points and weights {1, 1/

p
2, 1}.

Due to the slenderness of the rods, we employ the mixed formulation for the analysis. For the former approach,
we use quartic B-Splines with 128 elements (knot spans) for the interpolation of the helical curve without any further
refinements for the analysis (p = 4, ` = 128, n = 132). For the latter approach, we have k-refined the 32 individual
curves for the analysis to p = 4, ` = 8, n = 12. The results for both cases are provided in Fig. 10(b) and are visually

Figure: End-point displacement when subject to different end
forces for different basis functions.
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Today I Learned

� We can describe the deformation field of a Cosserat rod using NURBS as basis/shape
functions

� With isogeometric analysis and collocation method, the ODE is transformed to a system of
nonlinear algebraic equations

� These methods have been carefully studied before and validated in numerical applications
� The presented method is a promising alternative to existing discretization methods for

Cosserat rods
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